DIRICHLET SERIES OF RANKIN-COHEN BRACKETS 



YOUNGJU CHOIE* AND MEN HO LEE* 



Abstract. Given modular forms / and g of weights k and I, respectively, their 
Rankin-Cohen bracket [/, g]^k'^ corresponding to a nonnegative integer n is a modu- 
lar form of weight k+£+2n, and it is given as a linear combination of the products of 
the form f( r )g( n ~ r ) for < r < n. We use a correspondence between quasimodular 
forms and sequences of modular forms to express the Dirichlet series of a product 
of derivatives of modular forms as a linear combination of the Dirichlet series of 
Rankin-Cohen brackets. 



1. Introduction and statement of main results 

Given modular forms / and g of weights k and £, respectively, their Rankin-Cohen 
bracket [/, g]n'^ corresponding to a nonnegative integer n is a modular form of weight 
k + £+2n, and it is given as a linear combination of the products of the form j( r )^( n_r ) 
for < r < n (see e.g. [3]). Although such products are not modular forms, they are 
quasimodular forms. 

Quasimodular forms generalize classical modular forms and first introduced by 
Kaneko and Zagier in [6]. It appears naturally in various places (see [U El [7], for 
instance). One of the useful features of quasimodular forms is that their derivatives are 
also quasimodular forms (see [HE])- In particular, derivatives of modular forms are 
quasimodular forms. Since products of quasimodular forms are quasimodular forms, 
it follows that the the products p r ^ g( n ~ r *> considered above are quasimodular forms. 
As in the case of modular forms, we can consider the Dirichlet series associated to 
quasimodular forms by using their Fourier coefficients. From the formula for Rankin- 
Cohen brackets it follows that the Dirichlet series of the modular forms [/, g]n'^ can 
be written as the Dirichlet series of the quasimodular forms f( r )g( n ~ r \ The goal of 
this paper is to express the Dirichlet series of a product of derivatives of modular 
forms in terms of the Dirichlet series of Rankin-Cohen brackets. More precisely, we 
prove the following theorem: 

Theorem 1.1. Given a discrete subgroup T, containing translations, of SL(2, R), let 
cf) and ip be modular forms for V with width h and weights \x and v , respectively. Then 
the Dirichlet series of the quasimodular form 0( m )-?/;( n ) can be written in the form 



m+n 



£■> S 



1=0 
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where 

(2ttz)^!(// + m-l)\(v + n- !)!(// + v + 2£ - 1)! 



;i-2) C"(*) 



(/x + ^ - !)!(> + v + 2m + 2n - - l)\h e 



i 



Vf v? (m + n-£ + j)!(2£ + /i + z/-j-2)! 
} j\{i-j)\{n-l + j)\{v + i-j-l)\ 



for < I < m + n. 



The proof of this theorem is carried out by using a correspondence between quasi- 
modular forms and sequences of modular forms discussed in [8]. For example, each 
quasimodular form can be written as a linear combination derivatives of a finite num- 
ber of modular forms. 

We would like to thank the referee for various helpful comments and suggestions. 

2. Quasimodular and modular polynomials 

In this section we describe SL(2, M)-equivariant automorphisms of spaces of poly- 
nomials introduced in pj which determine correspondences between quasimodular 
polynomials and modular polynomials. 

Let H, be the Poincare upper half plane, and let J 7 be the ring of holomorphic 
functions / : 7-L — > C satisfying the following growth condition 

, Imz 

(2.1) \f{z)\ « 



1+ z 



for some v > (see e.g. [9j Section 17.1] for a more precise description of this condi- 
tion). We fix a nonnegative integer m and denote by J-" m [X] the complex vector space 
of polynomials in X over J 7 of degree at most m. Thus .F m [X] consists of polynomials 
of the form 

m 

(2.2) §(z,X) = Y,MX r 

r=0 

with cf> G T for < r < m. If $>(z,X) G J^LY] is as in ( 12.2p and if A is an integer 
with A > 2m, we set 



(2.3) (A^)(z,X) = J2<Pr(z)X r , (Z^)(z,X) = J2<P7(z)X T 

where 



r=0 r=0 



m—r—i 



r i-lY 

(2.5) 0; = (A + 2r-2m- 1)^^— ^(m-r + £)! 

x (2r + A-2m-£-2)!^ ) _ r+£ , 
for each r G {0, 1, ... , m}. Then it can be shown that the resulting maps 

AZ,EZ:F m [X]^F m [X] 
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are complex linear isomorphisms with 



V-A ) — A A 



The group iSX(2,R) acts on the Poincare upper half plane H as usual by linear 
fractional transformations, so that 

az + b 
cz + d 

for all z E% and 7 = ( " b d ) E SL{2, R). For the same z and 7, by setting 

(2.6) 3( 1 ,z) = cz + d, &(j,z) = —^—, 

cz + a 

we obtain the maps 3, R : SL(2, R) x "H — >■ C which satisfy 

3(77', 2) =5(7, 7'z)3(7',z), ^(7,7^) =3(7 / ^) 2 (^(77'^) -^(y,^)) 

for all z E U and 7, 7' G SX(2, R). 

Given &(z,X) E J* m [X] as in (E2D and elements / E J 7 , 7 G SL(2,R) and A G Z, 
we set 

(2-7) (/|a7)(*)=3(7,*) _A /(7*), 
(2-8) ($ \f 7 )M = £>r Ia+2, l)(z)X r , 

r=0 

(2.9) ($ || A 7 )(z, X) = 5(7, ^)- A $(7^ 5(7, z) 2 (X ~ *))) 

for all z EH. Then |a determines an action of SL(2, R) on "H as usual, and the other 
two operations | A and || A determine actions of the same group on J-" m [X]. If A™ and 
are the linear automorphisms of J-" m LY] given by ( \2.3\\ . then it is known that 

(2.10) ((A™$) \\ x l)(z,X) = A?(* |f_ 2m 7 )(*,*), 

(2.11) ((5r$) |f_ 2m 7)(^^) = ^($|| A7 )(^X) 

for all 7 G SX(2,K) (cf. [8]). 

We now consider a discrete subgroup T of SX(2,R). Then an element / G J 7 is a 
modular form for T of weight A if it satisfies 

/ |a7 = / 

for all 7 G T, where the operation \x is given by ( 12. 7p . 

Definition 2.1. Let |f and || A with A G Z be the operations in (I2.8P and f 12 . 9 j) . 

(i) An element F(z,X) G J^LY] is a modular polynomial for T of weight A and 
degree at most m if it satisfies 

F\fl = F 

for all 7 G T. 

(ii) An element $>(z,X) E J- m [X] is a quasimodular polynomial for V of weight A 
and degree at most m if it satisfies 

$ || A 7 = * 

for all 7 G T. 
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We denote by MP™(T) and QP™(T) the spaces of modular and quasimodular, 
respectively, polynomials for V of weight A and degree at most m. If a polynomial 
F(z, X) G F m [X\ of the form 

m 

F(z,X) = Y,fr(z)X r 

r=0 

belongs to MP™(r), from (12.81) and Definition I2.1( i) we see that 

(2.12) f r G M x+2r {T) 

for < r < m. From (12 . 1 Oj) . (12. lip and Definition 12.11 it follows that the automor- 
phisms A™ and of T m [X] induce the isomorphisms 

(2.13) a- : M?™ 2m (r) -> QPf(r), e™ : gp A m (r) -> M?™ 2m (r) 

for each A > 2m. 

Example 2.2. Given an integer A > 2m, we consider two modular forms 

£ G MA_2m(r), 77 ^ Mx-2ra+2 (T) 

and the associated modular polynomial 

m 

F(z,X) = £/ r (z)X r G MP A _ 2m (r) 

r=0 

with 

if r = 0; 
77 if r = 1; 
if 2 < r < m. 

If A™F(z, X) = Yl™=o fk{ z )X r G QP™(r) is the corresponding quasimodular poly- 
nomial, from (12. 4p we obtain 



r{m—k) /.(m— fc— 1) 

_ Jo 1 h. 

k ~ k\(m - k)\(X — k — m — l)\ k\(m -k- 1)!(A — k — m)\ 



pA 



k 



(X-k- m)^ m ~ fc ) + (m - k)r}( m - k -V 
k\(m — k)\(X — — m)! 

Thus we have 

(2.14) A™F(z, X) = Y j ( ' X ~ k ~ 'T^t r '? = T'"' W X 
v ; ^ k\{m - k)\{X - k - m)\ 

3. Quasimodular forms 

In this section we discuss the correspondence between quasimodular polynomials 
and quasimodular forms. We also express the Dirichlet series of a quasimodular form 
in terms of Dirichlet series of the modular forms associated to the corresponding 
quasimodular polynomial. 

Let T be the ring of holomorphic functions on % satisfying (12. ip as in Section |2l 
and let T be a discrete subgroup of SX(2,R) containing translations. 
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Definition 3.1. Given integers m and A with m > 0, an element / G T is a quasimod- 
ular form for V of weight A and depth at most m if there are functions fo, . . . , f m G T 
such that 

m 

(3-1) (/| A7 )W = £/ r W%# 

r=0 

for all z G % and 7 G T, where £(7, z) is as in (12. 6p and |a is the operation in f |2.Tj) . 
We denote by QM™(T) the space of quasimodular forms for V of weight A and depth 
at most m. 

Quasimodular forms correspond to quasimodular polynomials as described below. 
If < I < m, we consider the complex linear map 

G e : T m [X\ -)■ 7 

defined by 



V=o ' 



for all z G %. Then it can be shown (cf. [2]) that 

&e(QPr(r)) c QM A -r/,(r); 

hence we obtain the map 

(3.2) & e : QP?(T) -> QM™-J(r) 
for each £ For £ = it is known that the map 

6 : QPr(T) -> QM A m (r) 
is an isomorphism whose inverse is the map 

(3.3) : QM A m (H -> QP A m (r). 
defined by 

(<#/)M = £/r(*)* T 

r=0 

for a quasimodular form / G QM™(r) and functions f , . . . , f m G as in (13. ip . 
Let ?/> G QM A n (r) be a quasimodular form whose Fourier expansion is of the form 



(3.4) ^( z ) = J2a k e 2 



a 2nikz/h 
k=0 

with h G M, so that the corresponding Dirichlet series is given by 



00 

a r 



(3.5) W.«) = ES 



n=l 



where it converges when Re s ^> 0. For < r < m, using (I2.12p and the isomorphisms 
in (I2.13P and (13. 3p . we see that the function (& r o o Q™)ip is a modular form 
belonging to M A _ 2m+ 2r(r)- We now set 

(3.6) ft = (6, o o Q™)^ G M A „ 2m+2r (r), 



5 



and assume that its Fourier expansion is given by 



oo 



2ivikz/h 
C T ud 



(3-7) f+(z) = J2 

k=0 

Thus the corresponding Dirichlet series can be written as 



oo 

C 



(3-8) Hft,s) = 52 



71=1 



r,n 

n s 



where it converges for Re s 3> 0. 

Proposition 3.2. The Dirichlet series in (I3.5P and (13.81) satisfy the relation 

(3.9) L ( ^, S ) = £!(A i;^ 1)!/t ^ (/r„ « - 4 

where it converges for Re s ^> 0. 
Proof. From (13.61) we see that 

m 
r=0 

Applying the isomorphism A™ in (12.1 3D to this relation and using (12. 3 p and (12. 4ft . we 

have 

in 

(QW)(z,x) = ((A- o ~™ o es»(*, a) = J2M*)x r G QP A m (r), 

r=0 

where 

v, -1V - (ft )W 

r! ^ - 2r - £ - 1)! U — ^ 



for < r < m. From this and the fact that (QT) 1 = @o we obtain 



m 

V = 6 (G?VO = = £ „ (A _ £ _ 1)! (/^) W - 



£=0 

Using (13.71) . we have 

(/^) (£) w = E Cm -, fc (^) 

fc=0 ^ ' 

hence we obtain 



(2mk) e C m - t ,k r 2nikz/h 

=o 

Comparing this with (13. 4ft . we have 



, / \ \ z ' n ^m-l,k 2 

k=0 1=0 v ' 



o e\(\-e-i)\h e 



6 



for k > 0. Thus from ( 13. 5 p and (13. 8p we see that 

(2ninYc m ^e,n 



n=l £=0 V ' 
m oo /„ .x^ 

t-'i/l ( 'in-i-.n 

m 



£\(X - i - l)\h e n s - e 

n=l v ' 

fl(A-*-l)!tf Um "" 



1=0 

hence the proposition follows. □ 

4. Proof of Theorem 1.1 

We first recall that the Rankin-Cohen brackets are the bilinear maps 
[ , }W : M k (T) x M e (T) -> M k+Ww {Y) 

defined by 



(4.1) 



[/, 9 )L w> = d-d' (* + z~ l ) c + r i )/ w 9 < "- ) 



for M G Z, w > 0, / G Mfe(r) and 5 G M e (T) (see e.g. [10], [3]). It is known that 
the Rankin-Cohen brackets are unique up to constant. More precisely, if 

B w : M k {T) x M t (T) ->• M fe+ , +2w (r) 

is a bilinear differential operator, there is a constant c G C such that 

£«,(/,<?) =c[/,<& M) 

for all (f,g)EM k (V)xM i (V) . 

Proof of Theorem 11.11 Given nonnegative integers fi and v, we consider modular 
forms (j) G M^(T) and ip G M„(r). Then their derivatives and with m, n > 
are quasimodular forms with 

hence we see that (m )'0(' 1 ) is a quasimodular form belonging to QM / ^+ 2m+2ri (r). 
By setting A = /i + 2m, £ = and 77 = in (12.141) . we obtain 

(4.2) A- 2m *(., X) = £ M(m _ t) ,; + m _,_ 1) , ^ e QP- +2m (r), 



fc=0 



((©0 o A™. aJ«) W = n, G Q^Jr). 

A m!(/i + m — lj! p 

Similarly, if ifj G M I/ (r), we have 

n J } (n-£)( z \ 



^=0 



((©0 o A? +2n )*)(*) = ^^Di)! G W +2n (T). 
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Thus, if we set 

F(z,X) = (A™ +2m $(z,X)) ■ (A n v+2m *(z,X)), 
it is a quasimodular polynomial belonging to QPJJ+J+2 m+ 2 n {F), an d we obtain 
F{z,X) 

f> ^ ^- k \z)^\z) k+i 

kW.(m- k)\(n - + m - k- l)\(u + n-£- 1)! 

m+n r 
r=0 k=0 

where 

k ' r k\(r - k)\(m - k)\(n - r + k)\(y + m—k— 1)!(V + n — r + k — l)\ 

for 0<k<r<m + n; here we assume that (j)^ = and ip^ = for a, b < 0. Using 
(TO) and (J23D, we have 

m+n 

1 — l /i+v+2m+2n 



='"+" -^,x) ^oy(,).V' g .u/>;:;,"rr). 



3=0 

where 



(/i + i/ + 2£ - 1) ^ ^-^(m + n-£ + j)\ 

j=0 J ' 



x(2e + f i + p-j-2)\<j>% +n _ i+j 



with 

r 

(n— r+fc) 



for < £, r < m + n. However, we have 



^m,n; M ,i^(m-fc)^(r 



J m+n—£+j 



i./ 1 _ jqn,nui,u ^ ^(m-k) ^(t+k-m-jy^j) 



k=0 

m+n—i+j j 



k=0 p=0 

Hence it follows that 
(4.3) $ = (ji + u + 2t- 1) 

m+n— i+j j 

x X 

j=0 fc=0 p=0 



-;t — i-rj j , .x 

i—n r,—r\ \P/ 



i m+n~l+j j , 

E E E^£W«-^ 



x(2£ + M + z/-j-2)!^ m ^ +j 
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for < £ < m + n. Since <pf G M^ +u+ 2e(T), we obtain the bilinear differential operator 

(0,V) h- 0f : M M (r) x M„(r) M M+ , +2£ (r) 

on Mfj,(V) x My(r) for each £. Thus, using the uniqueness of Rankin-Cohen brackets, 
we see that 

(4.4) fi = b i [<l>,ilitir ) 

for some bi G C. Using p = j and k = m, the coefficient of (fripW in (14. 3[) is given by 

(4.5) (v + v + 2e-l)Y, { —lr(rn + n-e + j)\(2£ + » + v-j- 2)\K^_ £+p 

3=0 J ' 

where 

1 



K 



m,n;fi,i/ 



m,m+n-e+j m ]( n _ £ + j)](£ _ j^fa _ ty^ + £ _ j _ 1)1 ' 

On the other hand, by (14. ip the coefficient of 0-0^ in (14.41) is equal to 

+ (fi + £ -l)\b e 

bt 



£ J 1 £\(fi-l)\ ' 
Comparing this with ( I4.5p . we obtain 

(/i + ^ + 2l-l)l! A j (m + n-£ + j)\(2£ + fJ , + u-j-2)\ 
{ '' 1 (n + e-l)\m\ ' j\(n-t + j)\(£-j)\(u + £-j - 1)! 

for < £ < m + n. Since we have 

= — TT? — I TTT7 — I TTT e QM™ + J+2m+2n(T) , 

m!n!(/i + m — l)!(z/ + n — 1)! p 



it follows that 

(& r O ^ /i4 !" l ,_|_2 m +2n ° 2^+Vf2m+2n) (®0-^) = (@r ° ^ /i +"jy+2m+2n)-^' 



for < r < m + n. Thus, using Proposition 13.21 we obtain 
L(0 (m V (n) , s) = m\n\(ji + m- l)l(u + n - 1)! 

X £\{n + v + 2m + 2n - £ - l)\h l S 



m\n\(n + m — 1)!(^ + n — 1)! 

m+n 

X 



hence the theorem follows from this and (14. 6p . 
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<f>'(z)iP'(z) + (u<f>'(z)iP(z) + fup(z)^(z))X + LiucP(z)iP(z)X 



5. Examples 

In this section we consider two modular forms 

cf) g M M (r), ^^(r), 

and provide examples of the formula (11 .11) for (m, n) = (1, 1), (2, 0), (0, 2). 

We first consider the case where m = n = 1 by regarding the given modular forms 
as modular polynomials 

${z,X) = <j>{z) G MPI(T), Hf(z,X) = iP(z) G MPl{Y). 

Then from (14. 2[) we see that 

(Al + ^(z,X))-(Al +2 ^(z,X)) 

1 

which is a quasimodular form belonging to QP^ +U+4 (T). Thus, if we set 
F(z,X)= f i\u\(Al +2 ^(z,X)) ■ (Al +2 V(z,X)), 

we have 

F(z, x) = f (z) + f x {z)x + f 2 (z)x 2 e QP M V +4 (r), 

where 

f = W = & F G QMl +u+A {T), h = uct>'i> + ncW, f 2 = nv<H>. 
Using (12.51) . we have 

2 

{K + u + ^){z,x) = Y,fhz)x\ 

r=0 

where 

if = 2fj,u(fi + p - 1)!0V, 

fl = (fi + V + + V - l)\(fi - v) (ii(f)ip' - v<p'ip 
ff = -( ti + u + 3)( fJ . + v)\ 

x (u(ji + - 2(/i + 1)0 + i)</>>' + u(u + 1)0> ; 

However, using ( 14. ip . we have 

(5.1) [M]^ = <H>, 

[<£> ^]f v) = \ (rit* + W - 20* + i)0 + W + + 

Thus we see that 

f* = ( fi -u)(ti+v+i){n+u- 1)![0, 4r ] 
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From this and (13. 9 p with A = /i + i/ + 4we obtain 



(5.2) L( W , .) = £ _iM__L( /f _ J . . - 



2 

i=0 j'!(jU + ^ + 3- j)!^' 



2m{ii-v) M 
(/i + f + + v)h z 

We now consider the case where m = 2 and n = by regarding the given modular 
forms as the modular polynomials 

${z,x) = <j>{z) e MP%(r), *{z,x) = ip(z) e MP°(r), 

so that from (14. 2[) we obtain 



{tiU*(z,X)).(A°*(z,X)) 



(z/-l)!\2(/i + l)! /i! 2(/a-1)!' 

which is a quasimodular polynomial belonging to QP^ +!/+4 (r). Thus, if we set 

G(z,Jf) = 2(i/-l)!0i + l)!(Aj^$(z,X)), 

then we have 

G(z, X) = g (z) + 9l (z)X + g 2 (z)X 2 e QP* +U+4 {T), 

where 

go = = & G E QM* +v+i (T), 9l = 2(// + l)0ty, ^ 2 = ^ + 1)^. 
Using this, (I2.5p and (15. ip . we see that 



[~l +u+ ,G)(z,x) = Y,g?(z)x r 



r=0 
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where 

gl = 2(» + v- l)\g 2 = 2^ + l)(v + v- 1)![0, ^> v \ 
gf = (v + v + l) (Qjl + v)\g x -2(n + v- l)\gty 
= 2(/i + v + + v - 1)! (z/0> - /KfnfA 

= -2{tM+v+i){fji+u-i)\[<i>,^r\ 

gf = (n + v + 3) ((/x + v + 2)!# - (// + i/ + 1)!^ + (// + i/)!^' 

= v + 3)(/i + i/)! (O + ^ + 2)0 + v + 

- 2(^ + l)(/i + i/ + 1)(0'V> + 0V) 
+ ^(/i+l)(0> + 20>' + #" 

= v + 3)(/i + i/)! (z^ + 1)0> + 2(/i + + + MO + W 

= 2( M + z/ + 3)( /U + z/)![0,^]^ ) . 
From this and (13.91) . we have 

(5.3) L(0'V, s) = V TT^L(gf *, s - J') 

L([0,#^, S -1)) 



(^ + // + 2)(/i + z/ + l) 



2(2tu)(/x+1) 



(^t + i/ + 2)(/x + i/)/i 
I (2ttz) + 1) ( ^ } 

The case where m = and n = 2 can be obtained from (15.31) and the fact that 
Rankin-Cohen brackets [<fi,ifj]w^ are (— l) w -symmetric. Thus we see that 

L(U",s) = % -L(U^\f v \s) 



2(2ttz)(> + 1) 



2 L([<M^\ S ) 



(/x + i/ + 2)(^x + i/ + 1) 
{[JL + V + 2)(/x + z/)/i 

(2,i)M, + l) r , 

(/i + 1/ + l)(fJL + v)h z 
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6. Concluding remarks 

Given two modular forms <fi G M^(T) and ip G M V (T), from ( 14. ip we see that 

for each nonnegative integer it). Using this and (11.11) . we have 

where the constants a^ _r (^) G C are as in (jl.2p . Hence we obtain the identities 

B- i )'(' , ::; 1 )t + r>-'(o)^, 

for 1 < i < w. 
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